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ABSTRACT

In this paper, we present a Born Iterative Method for imaging optical properties of turbid media using
frequency-domain data. In each iteration, the incident field and the associated weight matrix are first
recalculated based on the previous reconstructed image. A new estimate is then obtained by solving the
updated perturbation equation. The forward solution of the incident field is obtained by a multigrid finite
difference method. The inversion is carried out through a Tikhonov regularized optimization process using
the conjugate gradient descent. Using this method, the distribution of the complex wavenumbers in a test
medium is first reconstructed, from which the absorption and scattering distributions are then derived.
Simulation results have shown that this method can yield quantitatively quite accurate reconstruction even
when a strong perturbation exists between the actual medium and an assumed homogeneous background
medium, in which case the Born approximation cannot work well. Both full-angle and limited angle
measurement schemes have been simulated to understand the effect of the location of detectors and sources.

1. INTRODUCTION

Recently, there has been intense interest in the use of frequency domain optical measurement to study
the physical phenomena [1-3] and to image objects [4-7] in highly scattering media such as human tissue.
Such studies have the prospects of yielding a new diagnostic tool for early detection of tumors in the human
body in the near future. The imaging problem entails the reconstruction of the absorption and scattering
coefficients in an inhomogeneous scattering medium, from measurements of multiple scattered light signals
on the medium surface. This is an inverse scattering problem. This inverse problem is difficult because
the scattered field is nonlinearly related to the properties of the medium, and that multiple scattering
events occur randomly and cannot be neglected for objects with strong contrasts. These difficulties make
it impossible to find a closed-form solution. In the past, either the Born or Rytov approximation has been
utilized to linearize the problem. However, such approximation is not valid under strong perturbations,
i.e., when the absorption or scattering coefficients of the actual medium are significantly different from
those of a chosen background. Our tests have shown that the Born or Rytov approximation fails to yield
quantitatively correct reconstruction when the absorption coefficient of an embedded object is three times
more of that of the background medium, or when the scattering coefficient is twice more.

A general way to solve the inverse problem is via an iterative approach. Chew et al. used so-called Born
Iterative Method (BIM) and Distorted Born Iterative Method (DBIM) successfully to solve nonlinear 2-D
profile inversion for electromagnetic problems using both single-frequency and time domain data [8-10]. In
this paper we apply the Born Iterative Method in the optical imaging problem, to solve for the absorption
and scattering coefficients of a turbid medium under optical illumination. Starting with a chosen homo-
geneous background field, the Born approximation is employed to derive a linear perturbation equation,
which is then solved to yield the first image. In each of the following iterations, the incident field and the
associated weight matrix are first recalculated based on the previous reconstructed image. A new estimate
is then obtained by solving the updated perturbation equation. The forward solution of the incident field is
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obtained by a multigrid finite difference method [11-13]. The inverse solution of the perturbation equation
is based on the regularized least squares formulation, obtained by a conjugate gradient descent method [15).
Using this method, the distribution of the complex wavenumbers in a test medium is first reconstructed,
from which the absorption and scattering distributions are then derived. The method will be illustrated
with simulations performed for test media under different types of perturbations. It is shown that very ac-
curate reconstruction can be achieved via this algorithm, even under strong perturbation. Reconstruction
examples from both full-angle and limited angle measurement will be presented.

2. FORMULATION
2.1 Diffusive Light Transport in Turbid Media

Let u,(r) and pi(r) represent the absorption and equivalent-isotropic scattering coefficients in a medium,
respectively, and D(r) = [3(ua(r)+ps'(r))] ! represent the diffusion coefficient. In general, these quantities
are position-dependent. The frequency domain diffusion equation for the fluence rate u(r), due to a
sinusoidally intensity-modulated point source of light, is given by [13]:

VD(r)- Va(r)
TR (1)

where k%(r) = —p,/D(r) + iw/eD(r), is wave number, c is the speed of light in the tissue, S(r) represents
the source signal.

V2u(r) + k%(r)u(r) = - S(r) -

Consider the actual medium as a pertm‘batlon of a homogeneous background medium with absorption
a.nd scattenng coefﬁcxents described by pa and ,u, , respectively, with an associated diffusion coefficient
= [3(1% + u]~ and wave number ky? = —pb /Dy + iw/cDy. Let

O(r) = K¥(x) - ks? (2)

be the perturbation in terms of the wave number, to be called the object function. From Eq. (1), we can
derive the following scalar wave equation:

V2u(r) + kZu(r) = 8(r) — £(r)u(r), (3)
where
£(r) = O(r) + V—‘?,)(—g)'—v. (4)

In the paper, we neglect the second term in Eq. (4). The general case in which this term is not neglected
will be reported in another paper.

From Eq. (3), it can easily be shown that u(r) satisfies the following nonlinear volume integral equation:

() = /;G(r,r’)O(r')u(r')d3r’, (5)
where

us(r) = u(r) — us(r) (6)

is the scattered field measured at the detector, up(r) is the background field (i.e., the total field of the
background medium under the same source illumination), and G(r,r’) is the Green’s function of the
homogeneous background satisfying:

V23G(r,r') 4+ E2G(r,r') = —é(r — 1'). (7)
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2.2 The Born Iterative Method for Image Reconstruction

The integral equation in (5) can be discretized to yield a linear system of equations with complex coefficients
as follows:

W(mxn)O(n) = U(m); (8)

where O = [O(r;),j = 1,2, -,n]7 is composed of the values of O(r) at various voxels rj; 0= [t,(Py;; Ty, )yi =
1,2,---,m]T consists of the scattered field obtained with different source-detector pairs (rg;,rs); and W
is a weight matrix with elements:

Wij = G(rg;, rj)u(rs, — rj)bv, i=1,-- -mj=1,---n, (9)

where 6v is the volume of a voxel. The weight matrix depends on the physics of the problem (such
as the properties of the background medium, the Green’s function, the total field, and measurement
geometry). In the inverse scattering problem, the properties of the medium (i.e., k(r) or equivalently o(r))
and consequently the total field u(r) and the weight matrix are unknown. In order to solve Eq. (9), we
adopt the following iterative method:

1. Solve the Green’s function G(-,-) and background field u;(-), based on k?(-), using a multigrid finite
difference method [13].

2. Let u(r) = uy(r), i.e., the Born approximation.

3. Calculate the weight matrix W from the previously calculated total field u(-) and Green’s function
G(-,-), according to Eq. (9).

4. Solve the perturbation equation in Eq. (8) for the object function O(r) by employing Tikhonov
regularization optimization process using the conjugate gradient descent method [14-15].

5. Using the recentiy found O(r) in a forward scattering problem to solve the total field u(r) inside the
object and calculate the scattered field at the detector. In this procedure, a multigrid scheme [13] is
employed for all forward calculation.

6. Compare the measured scattered field with that obtained in step 5. If the two quantities are within
an acceptable value, stop the iterations. Otherwise, go back to step 3.

Fig. 1 shows a flow chart of this algorithm.

2.3 Simultaneous Reconstruction of Absorption and Scattering Distributions

With frequency domain data, the object function O(r) is a complex function of absorption and scattering
distributions. We can find the absorption and scattering coefficients from the real part and imaginary part
of the object function. Assume that p, = pb + ép,, p = pb + 6u.. Substituting them into Eq. (2), we
obtain:

ReO(3)) = ~3(4& + 8o B + 1) — L2 (10)
and

ImlO(e)] = 2 (6o + 611 (11)
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Solving the above two equations, we obtain the absorption and scattering coefficients as follows:

é ( ) am[og f)c]r E[ (r)} (12)
pe(r) =
w;'cr I 3(#2 i p’:‘sb)

and
, {Re[O(r)] + 3(3p + u?®) + fm[o(r)l}fm[O{r)]
Sps(r) = Tm[O(r - (13)
—hlgﬁ-n +3(pl + pf

Based on Eqs. (13) and (14), we can derive the perturbations in absorption and scattering distributions
easily once the complex object function (i.e., the perturbation in the wave number) is obtained.

3. SIMULATION AND RESULTS

In this section, we show the reconstruction results for cylindrical media containing one or two rods.
Both the forward and inverse calculations are done for a 2-D plane of this cylindrical system. The mod-
ulation frequency used is 200 MHz. Both full-angle and limited-angle source and detector configurations
are simulated. In all the examples, the measured data are calculated by solving the forward scattering
problem with the true absorption and scattering distribution functions by using a multigrid finite different
method [13].

3.1 Full-Angle Profile Inversion

Consider the geometry depicted in Fig. 2. An unknown object O(r) is embedded in a homogenous
background medium with g’ = 0.02cm™! and p? = 10.0em™). A total of 10 sources and 20 detectors
are located uniformly over a ring of radius 4 cm. The detectors separately collect the signal of the field
scattered by the object due to the transmitted field by each source. A rectangular region enclosing the
source-detector ring is discretized into 33 x 33 grid points. The goal is to simultaneously reconstruct the
absorption and scattering coefficients at these grid points.

Fig. 3 shows the reconstruction results for a medium containing a rod with a radius of 0.7¢m at the
center of the detector ring. Only perturbation in absorption is simulated in this case. The perturbation is
largest at the center, being 0.2cm™1, and smoothly decreases to zero at the boundary of the rod following
a sinusoidal pattern. Fig. 3(a) shows the image of the actual absorption perturbation and Figs. 3(b)-3(c)
present the reconstruction results obtained after 1, 10, and 15 iterations. Here, we can see that the one
step Born approximation (i.e., one iteration) can reveal the existence of a centered object, but fails to yield
an accurate estimate of the spatial range and perturbation magnitude of the object. The reconstruction
accuracy improves significantly with more iterations. The solution obtained with 15 iterations is quite
close to the true absorption perturbation. Note that the perturbation simulated here is very strong, 10
times of that of the background.

Fig. 4 shows the reconstruction results for a medium containing a rod with a radius of 0.7cm at
a position 1.5¢cm away from the center. The rod has larger absorption and scattering coefficients than
the background. The perturbation follows the same sinusoidal pattern as in the previous example. The
peak values of the perturbations in the absorption and scattering coefficients are 0.1cm™! and 10.0cm ™1,
respectively. Figs. 4(a) and 4(e) show the actual absorption and scattering perturbation distributions,
respectively. Simultaneous reconstruction of the absorption and scattering perturbations are attempted.
Figs. 4(b)-4(d) are the reconstructed perturbation in absorption obtained after 1, 5, and 10 iterations.
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Figs. 4(f)-4(h) present similar results for the perturbation in scattering. Again, it can be seen that the
reconstruction result after 10 iterations is quite accurate, with significant improvement in terms of both
spatial range and perturbation intensities, compared to the result obtained with one iteration.

Fig. 5 shows the reconstruction results for a medium containing two rods, each rod having the same
geometry and optical properties as the one in the previous example. In order to evaluate the effect of noise
in data on the reconstruction accuracy, we compare the results from the original calculated data and those
subjected to 10% (SNR=20 dB) noise. Here we only show the reconstruction results obtained after 10
iterations. Fig. 5(a) is the actual distribution of the magnitude of the object function (see Eq. (11)). Figs.
5(b) and 5(c) are the reconstructed object functions (magnitude only) from the original and noise added
data, respectively. Figs. 5(d)-5(f) present similar results for the perturbation in absorption, while Figs.
5(g)-(i) are for the perturbation in scattering. It can be seen that with this example, the reconstruction
results are only accurate qualitatively, correctly identifying the presence of two objects. But the estimated
spatial range and perturbation magnitude of the object are not very accurate. With noise-free data,
the two rods are located quite accurately with slight blurring, and estimated perturbation magnitudes are
approximately half of the actual ones. But with noise-added data, the objects are poorly located (especially
for the scattering properties) and the peak perturbation values are severely underestimated. Additional
iterations are expected to improve the reconstruction accuracy.

3.2 Limited-Angle Profile Inversion

The full angle measurement schemes used in the previous examples may not be feasible in practice. Here,
we consider two types of limited angle measurement schemes. In the circular limited-angle case, shown in
Fig. 6(a), 10 sources and 20 detectors are spread uniformly along a semi-circle ranging from —65° to 65°.
In the line limited-angle case, shown in Fig. 6(b), 10 sources and 20 detectors are located along a line
from —4cm to 4ecm. The test medium is the same as that for the example shown in Fig. 4, containing an
off-center rod with perturbations in both absorption and scattering following a sinusoidal pattern.

Figs. 7(a) and 7(b) show the reconstructed absorption and scattering distributions, respectively, from
circular limited-angle data. Figs. 7(c) and 7(d) show the reconstruction results from line limited-angle
data. In both cases, the results are obtained with 10 iterations. Compared to the results obtained from
full-angle data, shown in Figs. 4(d) and 4(h), the peak values of absorption and scattering are estimated
less accurately. Among these two types of limited angle measurement schemes, they yield quite similar re-
constructions of absorption distributions, but the circular limited-angle case lead to a better reconstruction
of the scattering distribution.

4. CONCLUSIONS

A Born iterative method is described for imaging of absorption and scattering distributions in turbid
media using frequency domain data. This method has been applied for several test media containing one or
two rods with strong perturbations. Reconstructions from full-angle as well as limited-angle measurement
data have been attempted. For the case when a single object is embedded in a homogeneous medium,
quantitatively accurate reconstruction have been achieved, even when the difference between the optical
properties of the object and those of the background is very large. The reconstruction result is substantially
improved over that obtained based on the first order Born approximation. The results obtained with
limited angle data are less accurate than those from full angles, but still quite useful. However, for a test
medium containing two objects, both with strong perturbations, the perturbation magnitudes tend to be
under estimated. When the data are corrupted by noise, the reconstruction accuracy is further reduced
quantitatively. The reconstruction results obtained here are obtained with 10 to 15 iterations. Future work
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will focus on improving the reconstruction accuracy for multiple objects problem. The method could easily
be applied to the three-dimensional inverse problem, if computational resources are available.
In the BIM, only the total field are updated based on the previously reconstructed medium. We are
-currently investigating a distorted Born iterative method in which the Green’s function is also updated.
This method is expected to reduce the number of iterations required to obtain the same accuracy by the
BIM. We hope to report the results of this method soon.
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THE BORN ITERATIVE METHOD

( Given: k{? (r.f)'.l us(ra; ) rdi) )

Forward Calculation: Multigrid Method
kj(r;) = G(ra;y ;)

]

k*(r;) « kf(r;)

.

Forward Calculation: Multigrid Method

i‘:z(ri) —G(r,, 1), ts(ra;, rd;)

C lits = wal|? < e@—- END

Weight Update:
u(r;), G(rg;, ;) = Wy

Inverse Calculation: RLS by CGD
mﬁsuS(rsnrdi) = O(ri) 2 kz(r-f)

Figure 1: A flow chart of Born iterative algorithm
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10 Sources

Figure 2: Data acquisition geometry for full- angle profile inversion “S” and “D” denote source and detector,
respectively, O(r) is the object function.

(a) (b)

(c) (d)

Figure 3: Full-angle reconstruction of a pure absorption perturbation of a medium with a centered rod.
The modulation frequency is 200 MHz. The background properties are ph = 0.02cm™! and p' = 10.0em ™.
The peak value of the absorption perturbation is 0.2¢m™=1. (a) is the image of the true perturbation, (b)-(d)
are the reconstruction images after 1 iteration (i.e., Born approximation), 10 and 15 iterations.
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Figure 4: Full-angle simultaneous reconstruction of the absorption and scattering distributions of a medium
with an off-center rod at 1.5em. The modulation frequency is 200 MHz. The background properties of
medium are pb = 0.02em™! and g2 = 10.0cm=1. The peak values of the absorption and scattering
perturbation are respectively 0.1em™! and 10.0cm~!. (a) is the original absorption perturbation, (b)-
(d) are the reconstruction results after 1, 5 and 10 iterations, respectively. (e) is the original scattering
perturbation, and (f)-(h) are the reconstruction results after 1, 5 and 10 iterations, respectively.
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Figure 5: Full-angle reconstruction of the object function as well as absorption and scattering distributions
in a medium with two rods separated by 3em. The modulation frequency is 200 MHz. The background
properties of the medium are y; = 0.02cm™" and p? = 10.0em ™. The reconstruction results are obtained
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with 10 iterations.
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(A)
Figure 6: Data acquisition geometry for (A)
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angle profile inversion. In each case 10 sources and 20 detectors are used.
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Circular limited-angle profile inversion and (B) Line limited-

Figure 7: Limited-angle simultaneous reconstruction of the absorption and scattering distribution in a
medium with an off-center rod at 1.5¢m with modulation frequency is 200 MHz. The background properties
of the medium are u? = 0.02¢cm=1 and ,u;b = 10.0cm™1. The original images of the absorption and scattering
perturbation are shown in Figs. 3(a) and 3(e). (a) and (b) are reconstruction absorption and scattering
distributions obtained with 10 iterations from the circular limited data. (c) and (d) are the reconstruction
results obtained with 10 iterations from line limited data.
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