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ABSTRACT

We present an analytic solution to the amplitude and phase distributions of photon density waves in
strongly scattering, spherically symmetric, two-layer media containing a spherical object. The normal
mode series method is employed to solve the inhomogeneous Helmholtz equation in spherical coordinates,
with suitable boundary conditions. By comparing the total field on the surface of the outer layer when the
object is present to when it is absent, we evaluate the potential sensitivity of an optical imaging system
to inhomogeneities in absorption and scattering. For four types of background media which are different
in their absorption and scattering properties, we determine: i) the modulation frequency that achieves an
optimal compromise between signal detection reliability and sensitivity to the presence of object; ii) the
minimum detectable object radius; iii) the smallest detectable change in its absorption coefficient and iv)
scattering coefficient for a fixed object size. A discussion of the qualitative and quantitative findings is
given.

1. INTRODUCTION

Recently, it has been shown that the propagation of light emitted from a sinusoidally varying intensity—-
modulated source in a strongly scattering medium is governed by the scalar Helmholtz wave equation. Such
a wave is referred to as a photon density wave (PDW) [1,2] or diffuse photon density wave (DPDW) [3].
The former starts from the diffusion approximation to the Boltzmann transport equation; the latter uses
the diffusion equation. Based on this result, light propagation can be analyzed in the frequency domain
using theories and methodologies developed for electromagnetic (EM) and acoustic waves. The major
difference between PDW and EM or acoustic waves is that the wavenumber k of the PDW, which depends
on the optical properties as well as on the modulation frequency, has a large imaginary part. Physically,
this implies an exponential attenuation of the wave’s amplitude as the wave propagates away from the
source, even for a nonabsorbing medium. Some important phenomena have been investigated, including
the propagation [2], diffraction and reflection [1,3], and scattering [4,5] of PDW and image reconstruction
[6].

Imaging requires solution to the inverse scattering problem (ISP). In the inverse scattering problem,
the goal is to derive the optical properties of the test medium from the measured scattered field on the
surface of the medium. So far, investigations of the direct problem and ISP have been mostly limited to
the case of an object embedded within an otherwise homogeneous infinite medium. In the present work,
we study scattering from a spherical object embedded in the center of an infinite, two-layer spherically
symmetric background medium. Each layer is assigned optical properties in the range typical of most
tissue types. The object is different from the surrounding layers in its absorption or scattering coefficient
or both. Here, we consider only the case of an object located at the center of the inner layer so that the
test medium is in fact a spherically-symmetric, three-layer medium. An analytic solution for the total field
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in this piecewise homogeneous structure, due to a source located on a spherical surface in the outer laye
is derived by using the normal mode series (NMS) method with appropriate boundary conditions. For
given set of background medium properties, this solution is then used to derive the total field on the sai
surface in the outer layer for various modulation frequencies, object sizes and object optical propertie
Four types of background media are examined: Type I — the outer layer is more absorbing, both laye
equally scattering; Type II — the outer layer is less absorbing, both layers equally scattering; Type III - ¢
outer layer is more scattering, both layers equally absorbing; Type IV — the outer layer is less scatterin
both layers equally absorbing. In addition to identifying limits on detectability, we report several ne
findings that may prove useful in evaluating methods for imaging dense scattering media.

2. PROBLEM FORMULATION AND SOLUTION

We consider a spherical inhomogeneity (object) embedded in a spherically symmetric, two-layer bae
ground medium. The geometry of this general three-layer structure is shown in Fig. 1. The radii
the object, the inner layer, and the measurement surface of the outer layer are denoted by a, b and
respectively. In the reported studies, the radius of the inner layer is fixed at b = 3 ecm. The absorptia
and reduced scattering coefficient are denoted by pu,; and pl;, respectively, for Q;. Here, Q; refers to r >
(2.e., outer layer), Q, for a < r < b (i.e., inner layer) and Q3 for 0 < 7 < a (i.e., object). We adopt |
spherical coordinate system with origin at the center of the inner sphere. The problem is to determine th
total field at various points on a surface in the outer layer, r = (7,6, ¢), = ¢, due to a sinusoidally varyin
intensity-modulated point source of light placed at a point on the same surface r' = (1,6, ¢'),7’ = e.
our study, the radius of the measurement surface is fixed at e= 4 cm.

Let G(r,r’) represent the photon density at r due to a unit strength point source at r’. Then G(r,r"
is the Green’s function for the following non-homogeneous Helmholtz wave equation [1,7]:

V2Gj(r,r') + k3Gj(r,r') = =6(r —1'); for reQ;, j=1,2,3.

The squared complex wavenumber is given by

e, R
g D; T "%D;

ith w=0, for DC
» WY w#0, for AC

where v; is the speed of a photon in Q;, and D; = 1/3(paj + pj;), is the diffusion coefficient.

The total field in the outer layer can, in general, be interpreted as a superposition of the incident
spherical wave G; plus a scattering spherical wave Gy, 1.e.:

Gi(r,*) = Gir, r') + Ga(r,r'), (3)
P sk; (n m)'
h(l)(klr )jn(klr)P:‘(cos 6) P (cos 9’)(:05 m(¢ — ¢'),
Galzrx!) = z*’91 Z Z Amn(2 = 6m)(2n + 1)(n m}
n'—t]m*—o ( n+m

-hgl(klr')h;*)(k,r)P:*(cos 8)P™ (cos8') cosm(d — ¢').
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Similarly, the total field in the inner layer can be represented as the sum of a transmitted spherical
wave and a scattering field, i.e.:

Ga(r,x) = G;Q(l‘ r’)+G,g(r,r'), (6)
Gl R L i & e
ﬂ.=0m-—0 ( h )
hm(klr’)jﬂ(kgr)P“‘(cos a)Pm(cose') cosm(¢ — ¢'), (7)
G,g(r,r") = %k] Z z Cmn(2 6m)(2n+ 1) )]
n—Om—D ( Rt )
.hg"(klr')yn(kzr)Pr(cos 8) Py (cos 8) cos m(¢ — ¢'). (8)

The field in the object consists of a transmitted spherical wave, i.e.:

Gs(r,r') = ‘k‘ EZDm@ m)(2n+1)gn - g.
n=0m=0 "

'h,(,l)(klf Vin(kar) Py (cos 8) P (cos 8') cosm(p — ¢'). (9)

In the previous equations, jn, ¥n, and h&l} are the spherical Bessel function, Neuman function, and
the Hankel function of the first kind, respectively, and P;" is the associated Legendre function [9], §
L= 0;2,m > 1,

The unknown expansion coefficients, A,,n, Bmn, Cmn and D,,,, in the above equations can be deter-
mined by subjecting the total fields G}, i=1,2,3, to the following boundary conditions [8]: (i) The photon
_ density, G, is continuous at r = b and r = a; (ii) The photon current, J, is continuous at r = b and r = a;
(iii) G is bounded at r» = 0 and satisfies a radiation condition at 7 — oc.

The resulting coefficients A,,, in Eq.(4) are the ratios of two 4 X 4 determinants as follows [10,11]:

=1

Al a2 a3 0 || ann a2 a3 0
e, A} az; azz 0 az; azz azz 0 (10)
- 0 a3z assz as4 0 a3 azz aa

0 a4 as3 agq 0 aq2 aq3 agq

where A% = kyDyj’(k1b), A5 = kyD1jn(k1b), a1z = ki D1hYY (k1b), a1z = koDl (kzb), a1z = kyDajl(ksb),
az = kiD1hD (kib), azs = ya(ksb), azs = jn(k2b), asz = ya(kza), ass = jn(k2a), ass = jn(ksa), asz =
nggy;(kga), 43 = kQng:t(k2a) and a44 = k3D3j;(k3a).

In this paper, we use |G;| and ®; to represent the magnitude and phase of the total field when the
object is present, and use |G| and ®; for the case when the object is absent (i.e., the background medium).
The total field for the background medium is referred to as the background field. The difference between
the total field and the background field in the presence of an object is the scattered field from the object.
The background field here plays the role of the incident field when one studies the scattering due to an
object embedded in an otherwise homogeneous background. In the following, we measure the sensitivity of
a detector to a hidden object by the relative amplitude change 6 and phase-change 6g. These are defined
as, respectively,
|Gl

bg=1——,
v |Gl

(11)

and
6@ = Qb — q’g. (12)
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The optical properties of the outer layer of the four different background media are p,, = 04
and ”;1 = 10.0cm™! for Type I; po, = 0.02cm~! and *”':n = 10.0cm™! for Type II; po, = ﬂ
and g, = 20.0cm~! for Type III, p,, = 0.04cm~! and p = 5.0cm~! for Type v, respecn
absorption and scattering coefficients of the inner layer are fixed at p,, = 0.04cm~! and By, =
For each background medium, we introduce an object in the inner layer and vary its radius, abse
and scattering properties. For each background medium, we seek to answer four questions: i) @
modulation frequency f, is the amplitude |G| of the background field large enough to be measu
while the changes 6z and é¢ due to the presence of an object are detectable as defined below
this study, we select a modulation frequency for use in studying the following three problems. ii) Fe
modulation frequency and object optical properties, what is the radius, ami,, of the smallest de
object? iii) For a fixed modulation frequency and a fixed object size, what is the smallest relative
in absorption, 04 min = (fay — pﬂz)/paz, that can be detected? iv) Similarly, what is the smalle ;_-.
change in scattering, s min = (s, — M5, )/ s, that can be detected? In answering these questions
a detectable signal as one for which the amplitude of the total field is no smaller than |Gin| = 107
relative change in amplitude and absolute change in phase must be greater than or equal to 6(; :
and 0¢ min = 0.1°, respectively. Combining the requirement for |Gmin| and 8G min, the amplitude
background field should be at least |Gh min| = 1077,

3. RESULTS

3.1 Influence of Modulation Frequency

In order to determine the optimal modulation frequency for different background media, we have eva
the amplitude and phase of the total field with and without the object present for several frequenc cies:
(DC), 100, 200, and 500 MHz. Fig. 2 shows the amplitude distribution of the background field a
frequencies. As expected, the amplitude of the background field is reduced for increasing detector
at a fixed frequency, or for increasing frequencies at a fixed detector angle. The background field of )
I and type III are approximately 10-100 fold smaller than Type II and Type IV respectively bee: f:
the stronger absorption or scattering in the outer layer. Figs. 3 and 4 show the relative amplitude ¢k
and absolute phase change due to an object. We observe that at larger detector angles, expect for T%
medium, the amplitude changes increase with the modulation frequencies and the DC component has
lowest amplitude sensitivity. Interestingly, nearly the opposite trend is seen with Type I medium. On
other hand, for all four types of background media, the phase sensitivity increases with the frequency:

Comparison of these data show that when a gradient in the absorption coefficient exists ( i.e., for
[ and Type II), a peak in the phase plot is seen at an intermediate detector angle, 130° — 145° for T
background media and 125° — 140° for Type II background media. The amplitude and position of thls'
vary with the modulation frequency, with higher positive values observed for higher frequencies. For *
II media we also observed that at detector angles > 130°, the algebraic sign of the phase change becor
negative, and is a function of the modulation frequency. A qualitatively different trend is observed
background media having a gradient in scattering (i.e., Type III and IV). Little to no intermediate peak
is seen and, at larger detector angles and higher modulation frequencies, the phase changes seen have ai
increasingly more negative value. 3

Based on the criteria that the amplitude of the background filed should be greater than |G min| = 107"
the optimal modulation frequencies which achieve the best compromise between signal strength and relative
response are approximately 200, 300, 200 and 500 MHz. For comparison purposes, however, we select a
frequency of 200 MHz for all the background media in the following studies.
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3.2 Effect of Variations in Absorption Coefficient of the Object

Results in Figs. 5 and 6 show the computed sensitivities to a change in the absorption coefficient of the
object as a function of detector angle for each of the background media tested. For these studies the
size of the object and its scattering coefficient are fixed at @ = 0.5 cm and 10cm™!, respectively. In each
case, the absorption coefficient of the object was varied over a range of approximately 0.04 — 0.1cm™!.
At increasing detector angles and absorption values, the change in amplitude increases monotonically in
a nonlinear fashion. Fig. 6 shows that a perturbation in absorption produces a peak in the phase plot
at an intermediate detector angle (120° — 140°). The amplitude and position of this peak vary with the
value of the absorption coefficient of the object, with higher positive values observed for larger values of
pqo- For Type Il media we also observe that at detector angles > 140°, the algebraic sign of the phase
change becomes negative, and is a function of p,. Further inspection shows, interestingly, the existence of
an “isosbestic” point at @ ~ 145°, indicating that at this angle the detector is insensitive to a change in the
absorption coefficient of the object. A quantitative comparison of the phase shift and relative changes in
amplitude for the different media reveals greater sensitivity to perturbations in absorption in the object for
Type I and III media. By interpolating the data in these plots, we determine that the smallest detectable
perturbation in absorption varies from approximately 0.0015 to 0.005cm™! (3.75 — 12.5%) for amplitude
data and 0.01 to 0.02cm™! (25 — 50%) for phase data, depending on the properties of the background
medium. See Table 1.

3.3 Effect of Variations in Scattering Coefficient of the Object

Results in Figs. 7 and 8 show the computed responses of the effect that a change in the scattering coefficient
‘the object has on the relative change in the amplitude and phase change as a function of detector angle
lor each of the background media tested. Note that for these studies the size of the object and its absorption
coefficient are fixed at @ = 0.5 cm and 0.04 cm™?, respectively In each case the scattering coefficient of the
"'__]ect was varied over a range of approximately 10 — 20cm™!. A qualitative examination of the amplitude
nd phase plots reveals little difference in the responses seen for different media. In all cases, an increase
n the scattering coefficient of the object produces a nonlinear, monotonic increase in the relative change of
mplitude, with larger differences seen at larger detector angles. A qualitatively similar response is seen in
ie phase data. In this case, the phase change becomes increasingly more negative at larger detector angles
nd for larger values of the scattering coefficients. By linearly interpolating the data for other intermediate
dues for the scattering coefficient, we have found that the smallest detectable change, §; min, varies from
2 to 0.45cm™! (2 — 4.5%) based on amplitude measurements and 0.4 to 0.8cm™! (4 — 8%) for phase
easurements at § = 180°. See Table 1.

A comparison of the responses in the phase and amplitude data produced by a perturbation in ab-
orption (Figs. 5 and 6) to a perturbation in scattering (Figs. 7 and 8) show important qualitative and
quantitative differences. Qualitatively, we observe that unlike the trends seen in the amplitude data, the
thase data show distinctly different responses to a perturbation in the absorption and scattering coeffi-

ents. A quantitative comparison reveals that amplitude measurements are proportionally more sensitive
> a change in absorption while phase measurements are proportionally more sensitive to a change in
#tering. In absolute terms, however, we observed that in all cases amplitude measurements are more
msitive than phase measurements. A further inspection reveals that the trend seen in the phase data can
_ her influenced by differences in the optical properties of the outer layer. A comparison of phase data
tained from Type I and Type III media shows that a perturbation in absorption in the object causes a
pater phase change for Type I medium while the opposite trend is seen for a perturbation in scattering.
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3.4 Effect of Variations in Object Diameter

Results in Figs. 9 and 10 show the computed sensitivities to a change in the object size as a function of
detector angle for each of the background media tested. For these studies, the absorption and scattering
coefficients of the object are fixed; for Type I and II media, p,, = 0.06cm™!, 1y, = 10.0em™1; for Type
III and IV media, pto, = 0.04cm™1 , My, = 15.0cm™!. Thus, for a specified object size, only a perturbation
in absorption and only a perturbation in scattering exists for Type I and II media and Type III and IV
media, respectively. The radius of the object was varied from approximately 0.2 to 1.0 cm. Similar to the
trends seen for the other perturbations, inspection of the amplitude data reveals little to no qualitative
differences in the responses seen for the different media. At increasing detector angles and object size, the
change in amplitude increases monotonically in a nonlinear fashion. A similar comparison for the phase
data, however, shows a qualitatively different response. For Type I and II media, a perturbation in object
size produces a peak in the phase plot at an intermediate detector angle, 120° — 140°. The amplitude
and position of this peak varies with object size with higher positive values observed for larger radii. In
fact, the responses seen for both the amplitude and phase data for Type I and II media to a perturbation
in object size appear qualitatively, almost indistiguishable from those produced by a perturbation in the
absorption coefficient (see Figs. 5 and 6). A qualitatively similar response is observed for Type III and IV
media with respect to the changes seen in the amplitude and phase plots for a perturbation in scattering
(see Figs. 7 and 8). Interestingly, we also observe in the phase data an “isosbestic” point at 8 ~ 145° for
Type Il media. This finding demonstrates that under the specified conditions, the detector is insensitive to
variations in object size. Interpolation of the plotted data shows that the smallest detectable perturbation
in object radii varies from approximately 0.2 to 0.25 cm for amplitude data and 0.23 to 0.5 em for phase
data, depending on the properties of the background medium. See Table 1.

4. DISCUSSION AND CONCLUSION

We have derived an analytic solution for the PDW in a spherically symmetric, two-layer, highly scat-
tering, infinite medium containing a spherical object. The changes in the amplitude and phase shift of
the total field caused by the object have been calculated as functions of the modulation frequency, the
object radius and the differences between the absorption and scattering coefficients of the object and the
background. For each of four different types of background media, we have derived the optimal modulation
frequency, the smallest detectable object size, and the minimal detectable differences in absorption and
scattering coefficients. These results are summarized in Table 1. The quantitative results are based on
certain assumptions about the precision of commercially available optical detectors. For a different set
of detector precisions, one can easily derive corresponding results from the plots presented in Figs. 3-10.
Comparing the corresponding figures for different background media, the following interesting points can
be observed:

1. Whereas the absolute response of amplitude measurements are greater than phase measurements to
changes in the absorption and scattering properties of an embedded object, the former are relatively
insensitive to the type of perturbation. Phase measurements, on the other hand, exhibit a much
greater differential response to perturbations in absorption and scattering.

2. Amplitude measurements are proportionally more sensitive to a change in absorption, while phase
measurements are proportionally more sensitive to a change in scattering.

3. Enhanced sensitivity to an embedded object is achieved by an increase in the absorption or scattering
properties of an outer layer.
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4. Evidence of degenerate detector responses were observed under several conditions tested. This finding
may make more difficult efforts to quantify the absolute optical coefficients of tissue by use of simplified
measurement and analysis schemes.
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Table 1: Optimal modulation frequency and minimal detectable object radius and absorption and scatterin;
variation for different background media

Type | fopt | Detectable Signal @min (cm) 0a.min(%) 0s,min(%)

(6o = 50% ) (a=0.5cm) (a=0.5cm)

(MHz) Change (f =200 MHz) | (f =200 MHz) | (f = 200 MHz)

I 200 dg > 0.1% 0 =180°|0.22 |6 =180°|3.75 | 6 = 180° | 2.0
ép > 0.1° 0 =140° | 0.40 | # = 140° | 25.0 | # = 180° | 5.0

1T 300 g > 0.1% 0 =180°|0.25 |6 =180°( 5.0 | # =180° | 4.0
0 > 0.1° 6 =180° | 0.50 | @ = 180° | 50.0 | § = 180° | 4.0

I11 200 ég > 0.1% =180° {1020 |8 =.130° | 12.5. | 0.=180°%|,2.5
bp > 0.1° 60 =180°|0.23|6=130°(37.5|8=180°| 4.0

IV 500 bc > 0.1% 6 =180° | 0.25 | # = 140° | 20.0 | § = 180° | 4.5
bp > 0.1° 60 =180° | 0.30 | @ = 140° | 50.0 | 8 = 180° | 8.0
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Figure 3: Percent change in amplitude versus detector angle for different modulation frequencies, due
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ure 2: Amplitude of background field for four types of background media versus detector angle for several
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Figure 5: Percent change in amplitude versus detector angle for different absorption coefficients y,, of an
‘absorber with radius 0.5 cm and pf, = 10.0cm~! embedded in the four types of background media. The

modulation frequency is 200 MHz.
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re 6: Phase change in degrees versus detector angle for different absorption coefficients yq, of an object

radius 0.5 cm and p;, = 10.0cm™! embedded in the four types of background media. The modulation

wency is 200 MHz.
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absorber with radius 0.5 cm and p,, = 0.04cm™!
modulation frequency is 200 MHz.
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Figure 8: Phase change in degrees versus detector angle for different scattering coefficients p{, of an object
with radius 0.5 cm and j,, = 0.04cm™! embedded in the four types of background media. The modulation

frequency is 200 MHz.
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Figure 7: Percent change in amplitude versus detector angle for different scattering coefficients p;, of a
embedded in the four types of background media. T




i, = 0. 06cm‘1,
15.0cm™!

9.0 8.0 - -
§ sof g’-“ Type 11
— 70 ~s0
3] =5 —— a3=0.2cm
'g sof 'EM SIToA ggcm
= se = o 3 = : 1:0$
£ £
E | g ::n .
% 20f g _
o 1o & 1.0
-0, -0,
TR ] e e 1180
(a) (b) DetectorAngleB(deg)

120 60 - - g
w108 ® of TypelV "/
.g"'“ 3 D b —— a=024cm ,f/

Brsof 2 ==~ a=05cm
E 2. —iHe
E‘h.m E g =1

‘f) asof ﬁ =

:g s.00 F ;

§ 1.50 F E il g

0.00 -0,

20 e T T T T T T T T T 7 R R
i (c) Detector Angle 6 (deg ) (d) Deteclor Angle 6 (deg )

(c)

= 0.06cm™!
= 15.0cm™!

Detector Angle 6 ( deg )

and g}, = 10.0cm™!

(d)

14 040
g Lo
~ 1z} Type I 7 “\ Type 11 \
20 /’ N\ ’:n 020
= uof —— a=02cm \ -8
“q'; -==~'a=05cm -
&p o8l “‘n:(l.'tgcm / ~ qd;nn,w
— a=10cm
-5 osl _\\ 9 E
® \\ O 02 —a=02cm
-g oa o [-3] === a=0.5cm
== a=0.8cm
Peoaafp 00 A eedie, & 3 é 04 ==~ a=1.0cm
0.0
20 T % m R R Sl 20 ) ; T T T
(a) Detector Angle 6 ( deg ) (b) Detector Angle 8 (deg )
0.00 00
0.5
%o0,.} Typelll 20 Type IV
S = -aof
L ——a=0.18cm :; —— a=0.24cm
[+ ====a=0.5cm sk -~~~ a=0.5cm
D30 — a=08cm e —— a=0.8cm
g === a=1.0cm E ~~~ a=1.0cm
S 2°
-'é st g 285k
== B ok
sof
ZJﬂ 4‘0 Eln l‘ﬂ 'II;D I;n I:D l;ﬂ 180 35 2'0 ; ” DO 'llﬂ 1;0 1;0 180

Detector Angle 8 ( deg )

‘Figure 9: Percent change in amplitude versus detector angle for different radius a of the a.bsorber with
My, = 10.0cm™ -1 embedded in Type I, II background media and y,, = 0.04cm™"
embedded in Type III IV background media. The modulatlon frequency is 200 MHz
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10: Phase change in degrees versus detector angle for different radius a of the absorber with
embedded in Type I, II background media and u,, = 0. 04cm™?,
embedded in Type III, IV background media. The modulation frequency is 200 MHz.
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