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Fabrication of quasi-two-dimensional, heterogeneously curved
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For many years the Belousov—Zhabotinsky reaction has been used to explore the large variety of
dynamical behavior of excitation waves. The understanding of chemical waves can be applied to
other physical and biological systems. Most theoretical and experimental work has been done in
planar media, whereas for nonplanar systems there exist many theoretical but only very few
experimental studies. In this article we present a methodology to develop quasi-two-dimensional,
nonhomogeneously curved reaction media. These systems can be used to perform experiments on
chemical reaction-diffusion processes which occur, for instance, in the Belousov—Zhabotinsky
reaction placed in nonplanar geometries.28003 American Institute of Physics.
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I. REACTION-DIFFUSION SYSTEMS reaction'>1® An example of waves in this reaction is shown
in Fig. 1.

Excitation waves are common phenomena in many bio-  This chemical reaction can be used to explore the dy-
logical, chemical, and physical systeffsThe properties of namics of excitation waves, for example, in homogen&bus
these waves differ considerably from acoustic or electromagand nonhomogeneotisor planat® and nonplanadf?° sys-
netic waves in traditional conservative systems. This differtems. The results can be applied to other biological and
ence is due to the active local dynamics of excitable mediaphysical systems by changing the parameters, for example,
All these waves, which show spatiotemporal dynamics, cain coupled three- or two-component differential equation
be described by reaction-diffusid®RD) equations including systems, such as the Oregonator mtidet the Tyson—Fife
at least one autocatalytic reaction step and the diffusion ofnodel?? respectively. The first model contains the activator
the participating components. Wave fronts can appear as cigpecies, the inhibitor species, and the catalyst as variables. In
cular patterns, as straight or curved lines, or as Archimediathe two-variable system the inhibitor is adiabatic eliminated
spirals. Important components in all systems are the activatao obtain a model with the activator and a control variable.

u and the inhibitorw having equal or different diffusion co- Generally, the BZ reaction can be described as the oxi-
efficientsD. In general the relatio,/D,=1 is valid for  dation of an organic substrate by bromate in an acid solution
RD waves. IfD,>D,, one can observe time-independent,and in the presence of a redox catalyst. Investigations can be
spatially distributed structures, which are called Turingperformed in a liquid solution or in a jelled medium. In the
patternss This kind of patterns are thought to appear for|atter case the catalyst is immobilized in a gel matrix where
example on snails and shélisr during the growth of plants the reaction takes place. These systems prevent hydrody-
in water-limited regions. namic convection in the BZ reaction metfiand make ex-

Let us introduce some examples of excitation waves. Irperiments in open Petri dishes possiffle.
biological systems one can observe waves of cyclic adenos-
ine monophosphate QUring the chemotqctic cell a_ggr.egation_ CURVED REACTION-DIFFUSION SYSTEMS
of the slime mold Dictyostelium discoideufh excitation
waves on the heart musclayaves of protons and the coen- In this article we present a methodology to produce non-
zyme nicotinamide adenine dinucleotitADH) during the  planar quasi-two-dimensional systems. But why is it impor-
glycolysis in yeast cell extradtsand neutrophil cell$,or tant to investigate excitation waves in such systems? Up to
ca&* waves at the surface membrane of oocyteXefiopus now most experiments were done in planar RD systems such
laevis® and after fertilization of human oocytésDepolar-  as in Petri dishes, on membranes, in planar porous glass
ization waves, so called “spreading depression waves,” exisplates, or in gels between planar permeable membranes to
in the neural tissue of the cortékpn the chicken retin® or  investigate spatio-temporal structures. In these planar geom-
in the neural tissue of the spinal cottl. etries the system is assumed to be infinitely extended and

The “working horse” for investigations of nonlinear characterized by homogeneously or nonhomogeneously dis-
wave propagation is the famous Belousov—Zhabotig&)  tributed parameters.

But in nature, there exist many curved systems. Some of
dAuthor to whom correspondence should be addressed; present addreéh:em are introduced in th_e prewous_sectlon. In these systems
Department of Chemistry and Biochemistry, Florida State University, Tal-tﬁe geometry of the excitable medium has an influence on
lahassee, Florida 32306-4390; electronic mail: nmanz@chem.fsu.edu  the dynamics of the spatiotemporal pattern, as first discussed
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FIG. 2. Picture of one side of an acrylic glass mold. The nonhomogeneously
curved region is surrounded by a planar part. Also visible are the channels
which are necessary to fill the hollow mold with the BZ solution.

The two surfaces with the central curved part and a sur-
FIG. 1. Picture of chemical waves in the Belousov—Zhabotinsky reaction inrounding planar region can be visualized with a computer-
a I_Detri dish.Acirc_uIar pattern and a counte_r-rotating spiral pair are visible agjded design program and milled with a computer numerical
bright structures in the dark reaction solution. control machine. The thin, hollow space of the mold can
accommodate the chemical reaction solution. Because of the
in 1946 by Wiener and RosenblugthSince then, there have gjfferent absorption coefficients of the reduced state and the
been theoretical studies investigating excitation waves ipyidized wave in the BZ reaction, illuminating the transpar-
homogeneousf/** and nonhomogeneousy** curved sys-  ent system from below enables the detection of wave propa-
tems, exploring a large variety of dynamical behadtor. gation with a charge-coupled-device camera.
The investigation of curvature effects starts from at least ¢ develop quasi-two-dimensional systems with this
two aspects. First, there is an influence of the surface CUrvVanethodology one has to choose between two different possi-
ture on the diffusive coupling of active components. Secondpjjities. In both cases one has to select an explicit starting

closed surfaces as cylinders and spheres have an influence ®fction: for a modulated system, for example, the simple,
the pattern formation. Different periodic boundary conditionsgoyply periodical function

have to be considered, which leads to the possibility that

wave fronts can reach their origin. Both factéssirface cur- f(x,y)=Asin(bx)sin(by), )
vature and topologydetermine the stability or the existence

of specific dynamical conditions that are not possible in in-with amplitudeA, wave numbeb=2x/\, and modulation
finite extended planar systenfs. wavelength\. The Cartesian coordinates are givenxyyy,

But there are only a few, not very detailed, experimentaland z. With such functions one can describe an extended,
results. The first reported observation of excitation wavegeriodically modulated syste¥h® or single, localized non-
(spiralg in a curved BZ system was done in 1989n 1997,  homogeneously curved parts by milling, for example, only
Steinbock investigated the propagation of spiral waves on @ne half of the modulation wavelengthxrandy direction®’
cylindrical surface® In both experiments the surfaces were The two possible realizations differ in the position of the
homogeneously curved. Only one experimental article regiven starting functiorf. The first option is to choose the
ports about the behavior of spirals on a nonhomogeneouslnction for one surface of the system itself. In this case the
curved surface(a paraboloit®* The other experiments, second, calculated surface has the distance of the thickness
which investigated the dynamics of initially planar fronts of the system. For the second option, the function is placed
propagating across a periodically modulated curvedprecisely between the two surfaces of the hollow mold. In
surfacé’~** are based on the methodology presented in thishis case one has to calculate both surface functions, each
article. with a distance/= £/2 in opposite direction from the starting

function, as shown in Fig. 3.
IIl. FABRICATING CURVED SURFACES

The experimental device containing the quasi-two- _ 10F =
dimensional, heterogeneously curved system uses a hollov Y7
acrylic glass(e.g., plexiglassmold with a pair of comple- e
mentary surfaces. The two curved surfaces, once put to- 0 s 10 s
gether, have a small, constant distagda normal direction
of each point. The procedure of developing and calculating’ 'i-sin%X)Ts"i":(;)‘ij)me?:gl’iga' ":Z)he"\:v‘?th °fA‘_th zi‘]’ia';n ;“gifg;/yz
th_e two surface funCt,IonS is the main goal Pf this artICIe'=2~n-/9.0 mnT ! and the calculated upper surfai.;;a(dashed lingand lower
Figure 2 shows one side of such a system with the centeregltaces, (dotted ling in the xz plane aty=A/4 of f(x,y) with a total

nonhomogeneously curved part. distance ofé=0.4 mm. Axes are not to scale.

z (mm})
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Since the calculations for the first case are included in
those for the second case, we will confine ourselves to the
latter one. The advantages of the second case are explained
in Sec. IlIC with the example of Eql) after the basic
calculations have been introduced.

A. Calculating the surface functions

x (mm)

Starting with an explicit functionf(x,y), the upper
su(x,y) and lowers|(x,y) surface functions of the hollow FIG. 4. The median surfacé(x,y):Alsin(bX)Sin(by) (dashed ling with
mold, with a constant distance in normal direction of everyAz_l-fQ m:;‘_f?mb?z“/x:liﬁ/tg-o mm*f g,%? tr‘zescf"‘?‘l{l‘atl?d ;P_petLSUfface

f . . . S, In Tive airrerent normal distances o =<Z2.5(solld lines In the Xz
p0|nt_ of the s_ta_rtmg function, can be expressed only in para’-)Iane aty—\/4 of f(x.y). Axes are not to scale,
metric descriptior’

The surface with the starting functidnis defined byk
=[x,y,f(x,y)]". With the derivativesf,=df(x,y)/dx and minima and maxima have different curvatures, one has to
f,=0f(x,y)/dy the opposite normal vectors can be written choose the extrema with the highest absolute curvature. In a
as Nuz(—fxl—fyyl)T and le(fxyfy,_l)T. Using the doubly periodical surface as defined by EAd) one can
normalizationN,=|N,|=|N,|, one obtains the normalized choose, for exampley=const=\/4. Now one can rewrite
antiparallel vectors in normal directiom,=N,/N,, and n, Eq.(1) as
=N, /N, of k. Now one can define the two surface functions o o o

flz,y) = A-sin (—1) sin (—y) < a-sin (—x)
by A A A
e
s,=k+¢-n, and s=k+¢-n. 1S const. £ 1 (4)

=: f x).
Remember that the distanéeof each surface from the me- _( ) o
dian surface is half of the total thicknessf the system. The As one can see in Eq4) the determination of 5 can be

resulting surface functions can be obtained from done with only one variable because of the inequality
a=A. In this case Eq(2) reads withf,=df(x)/dx=f" and
. ¢ i f,=0 as follows:

[£2 2
fx+fy+1 g.’f!
01, x———
S= Y- —— and (2 \Fr2
V241241 suz<51(x)) ol

[ S2(X) - e
f(X)+ ——
f(x,y)+ ——— L,
ViZ+2+1 21
[ To uses,(x) as a function o6;(x) one has to determine
b X the inverse functiorsl’l(x) and guarantee that this function
Vi2+ f§+ 1 exists. The following inequality has to hold
£ty F2+1)3

2

§= y+\/ﬁ : ) T’—’Z>§ . (5)
x T ly

Because this necessary condition is valid forxallone

Fxy) = {2241 has to find the minima of the left part of E) with
x Ty
T2 3
B. The maximal normal distance i w =
dXO f//Z(XO)

The maximal normal distancéis not an arbitrary pa-
rameter of the system. For every median surfaeemaximal

Fn2 T _rfr2 Fm —
value /. exists. Larger values cause singularities in the <3 17(Xo) - 1 (X0) =[1"(X) +1]- T"(Xo) = 0. 6)

calculated sqrfac% ands . This effect i; shown in Fig. 4 in With the condition Eq(6) one can calculate &, value
a cross section of the surface of H@) in the xz plane at  for the surface function. Inserting this value in E§), one
y=A\4. obtains a maximal distan@g, ., Which generates useful outer

To calculate the maximal normal distance from the me-gyrfaces. Combining both equations yields:
dian surface one has to look for a line through the surface

that contains the points where tdg,, values are minimal. [T/2(xq) + 11372
For the upper surface these points are the minima of the {paoc———.
median surfacd, for the lower surface the maxima. If the "(Xo)
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C. Surface curvature

The determination of the curvature in every point of the
surfaces is necessary to choose appropriate hemispherice
milling heads. The curvature of the milling head always has
to be larger than the largest value of the surfaces. Because o
the given symmetrical functions it is sufficient to check the
surface curvature along a line at, ey const. For surfaces
given in parametric descriptiofx=%X(x),¥y=Y(x)] one has
to usé®

K (1/mm)

X'y =Xy E oss- ]
Kpard X) = —=77 <237z - (7 € oos- -
Y e o ]
The primes denote the derivative with respecktd-or 0 2 % o) 6 8
the explicitly given function the curvature can be calculated
by FIG. 5. Upper graphz values of the two surface functions xndirection at
y=N\/4. The given functiorf (x,y) =A- sin(X)- sin(by)=s (solid line) with
"f‘u amplitude A, wave numberb=2=/\, and the calculated functios,
Kegpl( X) = ————. (8) (dashed ling are separated by a distangéen normal direction. Parameter
P (1+"f'/2)3/2 values are=0.4 mm,A=1.0 mm, anch =9.0 mm . Middle graph: Cor-

responding curvature function§ (solid line) andK, (dashed ling Lower
Now we will explain why it is better to use as the start- graph: Curvature differencaK between the two functions.

ing function the median surface with the example 8g. In
this case it is also sufficient to check the function along aline  In the minima, the curvaturk, increases strictly mono-

which contains the maxima and minima as in E4). tonically for A —o and is approaching asymptotically. The
behavior of the curvature functioK, is similar, with the
1. Starting function as a surface difference that the asymptotic approximationkgf at « ap-

pears already at a critical wavelengthy;, defined by Eq(5)

Let us take the lower surface as the given starting func ) . .
tion. One has to calculate the corresponding curvature func@nd therein the surface functide.g., Eq.(4)]. Below this

tion K, for the selected line with Eq8). For the upper sur- value, \ it _vviII pbtain singularities in the calculated surface
face one has to use E(R) with the chosen reduction to a as shown in Fig. 4.

one-dimensional system with ) )
2. Starting function between the surfaces

5 T To reduce the explained curvature differendels be-
X(X)=X— —F——= (9 tween the upper and lower surface and, more important, to
Vi2+1 get the same@K in the minima and the maxima, one has to
and define the given function as the median function of the sys-
tem. In this advantageous case with the saxkevalues in
~ s all extrema, the upper and lower surface has to be calculated
yx)=f+-——. (10 by Egs.(2) and(3). Such a system is shown in Fig. 3.
Vi'Z2+1 Calculating the curvature functioig, andK, by Eq.(7),

AK results and one obtains the graphs shown in Fig. 6.
A comparison of Figs. 5 and 6 yields two differences:
the two surface functions ix direction at the chosepvalue ~ 2Kmax IS smaller than before andK in the maxima and
minima have the same values. The latter result is the most

and the corresponding curvature functions. . . _ .
Now two phenomena are conspicuous. First, the curvaimportant one. Now there is no difference between maxima

ture of the given functiorf(x,y) at y=X\/4 is symmetrical and minima with .resp(.act t_o the local system curvature for
with respect to the point at(x)=A sin(\/2) as is the func- Propagating reaction-diffusion waves.

tion itself. In this case, the absolute value of the curvature in

the minima and maxima are the same according to D. Surface roughness

Inserting Eqs(9) and(10) into Eq. (7) yields the curvature
functionK, of the upper line. Figure 5 shows thevalues of

The surface roughness is an important factor for uncon-
‘=const. keZ. trolled, potential nucleation points of chemical waves. Dur-
ing the fabrication with cylindrical and hemispherical milling
Second, the curvature function of the calculated surfacéeads, one has to distinguish between two kinds of rough-
differs considerably from the function of the given surface.ness. One is determined by the milling process itself, namely
As a result, the curvature differencéshich are unavoid- by the cutting remnant of the milling process. This effect also
ablg in the minima and maxima of the two surfaces are notoccurs on planar milling surfaces and can be removed by
the same. If the normal distangés constant, this effect will polishing the surface with an acrylic glass polish paste.
increase by decreasing the wavelenytbf the given func- The other roughness with a much larger effect can be
tion and vanish if\ is increased. minimized by the consideration of some process parameters.

L
T

‘Kf(x)
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FIG. 6. Upper graph: Curvature functions of the given median fundgoiid line) and the calculated surfac&s (dotted ling andK,, (dashed ling Lower
graph: Curvature differenc&K between the two outer functions.

This is a result of nonplanar milling heads, which are necesthe gel matrix and all components are included in the gel.
sary for the curved surfaces. The maximal unevendags  Normally this procedure is used to investigate three-
sulting from hemispherical milling heads can be calculatecdimensional BZ wave&*!

by

C. Open gel BZ system

d2
—| _ 2_
5—( R 2

if the curvatureK, respectively, the radiurR, of the chosen
milling head and the distana# between two milling paths

+R, (11) Using an open gel system is nearly the same as preparing

an experimental setup with Petri dishes. For these experi-
ments the liquid gel with the catalyst has to be poured into
s X the acrylic glass mold. After jelling, the mold must be
are known. With typical values oti=0.05mm andR 0164’ to reveal the curved gel surface. The gel has to be

=0.5 mm one obtains a surface roughnes$sf0.63 um.  ,ohared as usuge.g., Ref. 42and can be covered with the
As a result of Eq(11) it can be seen that the knowledge of i jiq B7 solution. To keep a sufficient liquid layer on top of

the maximal curvature of the surface makes a reduction Otfhe gel, the use of a frame around the gel is necessary
the surface roughness possible. The radius of the milling ’

head has to be chosen as large as possible. D. Other systems

IV. USING THE NONPLANAR MOULD In further applications one mfiy_think of oth_er chemical
systems that produce characteristic propagating fronts for
After the fabrication of a quasi-two-dimensional, curved which the stability may strongly depend on the curvature of
system one can choose several ways to investigate excitatiqhe surface.
waves in the BZ solution.

A. Liquid BZ system V. DISCUSSION

Using a liquid BZ system in a closed mold, one has to ~ We have presented a procedure to produce quasi-two-
adopt the classical BZ system to these conditions. Thereforélimensional, heterogeneously curved devices for investigat-
one has to ensure that the reaction does not produgea8O ing the dynamics of reaction-diffusion waves propagating in
a product. Such “bubble-free” reactiors.g., Ref. 39 pre-  nonplanar systems. Up to now, these are mainly applied to
vent the formation of undesired G®ubbles in this system. Nhonhomogeneously curved Belousov—Zhabotinsky reaction
In this case, the liquid BZ solution is poured into the mold.layers. A remarkable finding has been reported that docu-
After closing the filling tube and initiating a front, wave ments the curvature effect on the excitability of BZ systems.
propagation can be investigated. On curved surfaces Davydoet al. found a curvature-
dependent loss of excitability that causes the breakup of
propagating wave fronts. There is certainly a large variety of
further examples, for possible use, that have been investi-

In a closed gel system the procedure is the same as forgated exclusively in planar geometries.
liquid BZ system. The difference is that the solution con- In further applications one may think of other chemical
tains, for example, a defined amount of waterglas which jellsystems, such as the monostable or bistable arsenous acid
after some time to form a silica gel. In this case one can alseeaction, in which characteristic propagation fronts occur.
use a bubble-free recipe or insert sodium-dodecylsulfatThe stability of these fronts may also sensitively depend on
which reduces the surface tension, to suppress the growing tfie the curvature of the surface they are crossing. In the
undesired CQ bubbles. Now the catalyst is immobilized in context of investigating viscous fingering in Hele—Shaw

B. Closed gel BZ system
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