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Abstract

The dynamic behaviour of spiral waves rotating on surfaces of curved reaction–diffusion systems depends strong
curvature of the surface. It was shown in an earlier experiment that a spiral in a Belousov–Zhabotinsky system on a p
drifts to the point of highest Gaussian curvature, as predicted numerically and analytically. Beyond this, theoretical work
an increase of the rotation frequency of spiral waves with an increase in the curvature of the system surface (e.g.,
different spherical surfaces with decreasing radii). This behaviour leads to an additional term in the function for the
frequency proportional to the Gaussian curvature of the system. In this Letter we combine both effects to determine the
dependence of the spiral rotation frequency in curved reaction–diffusion systems. On a non-homogeneously curved s
spiral tip (the inner end of a spiral) drifts through regions with increasing surface curvature. Measurements of the
frequency performed during this propagation verify the predicted effect. The experimental data are confirmed by a
results in the framework of the kinematic theory.
 2003 Elsevier B.V. All rights reserved.
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Excitation waves occur in different fields relat
to nonlinear dynamics. These waves can be obse
in many biological, chemical, and physical syste
[1–3]. A laboratory model of these reaction–diffusi
(RD) waves, the Belousov–Zhabotinsky (BZ) react
[4], has been investigated in one-, two-, and thr
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dimensional geometries. So far, most of the theor
cal and experimental studies of two-dimensional
citable systems, which are pertinent to this work, h
dealt with planar geometries. But in nature many
citable reactions occur on curved surfaces such as
chicken retina [5], the heart muscle [6], and the cor
[7]. In all non-planar media the geometry has an
fluence on the dynamics of propagating planar fro
or spiral waves [8] and has to be considered in u
formly curved surfaces (e.g., spheres and cylindr
surfaces) as well as non-uniformly curved surfa
.
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(e.g., paraboloid and ellipsoid). On spherical surfa
with different radii the rotation frequency of spirals d
pends on the curvature of the system [9,10]. On an
lipsoid of revolution, for example, such a wave dri
to the point of highest Gaussian curvature [11,12].

In this Letter we use the experimentally show
spiral drift [13] to verify the predicted dependence
the spiral rotation frequency on the surface curvat
of the reaction–diffusion system.

Excitable media can be described by a set of n
linear reaction–diffusion equations. In the simpl
case only two variables are used [14]. On curv
surfaces the equations for a two-variable system
be written in the following form

∂u

∂t
= F1(u, v)+Du 1√

g

∂

∂xi

(
gik

√
g
∂u

∂xk

)
,

(1)
∂v

∂t
= εF2(u, v)+Dv 1√

g

∂

∂xi

(
gik

√
g
∂v

∂xk

)
,

whereu and v are the activator and inhibitor var
ables, respectively.Du andDv are their diffusion co-
efficients. The nonlinear functionsF1 andF2 specify
the reactions in the system.xk are the coordinates o
the surface andg is the determinant of the metric te
sorgik .

In this model the null isoclinesF1(u, v) = 0 and
F2(u, v) = 0 have an inverseN -shaped form and
monotonic increasing function, respectively. Usua
the analytical study of excitation wave structures
scribed by the “microscopic” equations (1) is impo
sible. One has to apply numerical simulations or
proximate phenomenological methods.

We will use the so-called “kinematic approac
[15,16]. The effectiveness of the kinematic theo
is confirmed by a large number of predictions a
explanations of effects concerned with the propaga
of excitation waves in isotropic, anisotropic, no
stationary, and non-homogeneous excitable media
the framework of the kinematic theory, an excitati
wave is completely determined by specifying the l
of its front. The shape and evolution of the wa
front can be described by its natural equationkg =
kg(l, t), wherekg defines the geodetic curvature by
arclengthl and timet . Each section of the front move
in the normal direction with the velocityV = V0 −
Dukg, where the parameterV0 denotes the velocity
of the front with zero geodetic curvature andDu is
the diffusion coefficient of the activator. The free e
of a broken front (tip) can grow or contract with
tangential velocityc= γ (k∗ − kg0), wherekg0 andk∗
are the geodetic curvature of the front near the tip
the critical curvature of the broken front, respective
The coefficientγ satisfiesγ ∼ Du − Dv . Note that
in excitable media with equal diffusion coefficien
of the activator and inhibitorγ = 0 and in jelled BZ
systems with an immobilized catalystγ = Du. The
main kinematic equation for the evolution of the fro
on curved surface has the following form [11]:

∂kg

∂l

( l∫
0

kgV dξ + c
)

+ ∂kg

∂t
+ ∂2V

∂l2
+ k2

gV = −Γ V,

whereΓ is the Gaussian curvature of the surface.
shown in [11], a spiral wave on the spherical surfa
rotates faster than on the plane and the additional t
is proportional toΓ :

(2)ω= ω0

(
1+ V0Γ

2ξ2Duk∗3

)
.

Here ξ = 0.685 andω0 and ω denote the angula
velocities of a spiral wave on a plane and on a cur
surface, respectively. The expression (2) is valid if
radius of the sphere is much larger than the radiu
the spiral wave core. In the case of a small sphere
angular velocity is proportional to

√
Γ [12].

The instantaneous angular velocity of the sp
wave rotating on the non-uniformly curved surfa
will change in time approximately periodically. The
variations ofω will result in a slow drift of the spira
wave core.

In the simplest case of a non-uniformly curved s
face of revolution, its Gaussian curvature can be c
sidered as a function of the polar angle, i.e.:Γ =
Γ (θ). The drift of spiral waves on such surfaces w
studied numerically and analytically in the framewo
of the kinematic approach [13]. The following expre
sions for angular velocities of the drift were obtaine

(3)
dθ0
dt

= γ k∗r0
4

dΓ

dθ
and

(4)
dϕ0

dt
= V0r0

4 sinθ0

dΓ

dθ
,

whereθ0 andϕ0 are the polar and azimuth coordinat
of the spiral wave core, respectively;r0 is its radius. As
follows from Eqs. (3) and (4) the theory predicts t
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velocities of the drift to be proportional to the gradie
of the Gaussian curvature. For a paraboloid or a pro
ellipsoid of revolution, dΓ/dθ < 0. Thus, the spira
wave will climb up to the “top” of the paraboloid o
prolate ellipsoid with a velocity proportional toγ ∼
Du − Dv . The velocity of the motion perpendicul
to the gradient of the Gaussian curvature (along e
curvature contour lines) does not depend directly onγ .
The trajectory of the core center will have a spiral-li
shape. In the particular case of equal diffusivities
spiral wave will drift along the equi-curvature line
a paraboloid or ellipsoid. This case was considere
[9].

The drift of spiral waves described above w
shown experimentally [13]. In that experiment the p
abolic surface, made of mesoporous glass, was
as a BZ reaction medium. During the experiments
drift towards the top of the paraboloid was observ
and the measured velocities were in good qualita
agreement with the kinematic theory.

We use these results to verify experimentally
theoretical prediction that the rotation frequency
creases with an increase in surface curvature
quasi-two-dimensional system. Instead of high-pre
sion measurements of spiral tip positions at sites be
the peak in this highly curved system we determine
spiral rotation frequency in a planar part of the react
medium. Consider at first a paraboloid of revoluti
specified by the Cartesian equationz = p(x2 + y2)

with a parameterp > 0 and the Cartesian coordinat
x and y. The Gaussian curvature of this parabol
is given byΓ = (4A2)/(1 + 4A2r2)2, whereA de-
notes the amplitude at a radiusr. Near the top of a
paraboloid its Gaussian curvature can be written a

(5)Γ = 4A2

(1+ θ2)
≈ 4A2(1− 2θ2),

whereθ is the polar angle measured with respect
thez-axis.

Note that not only paraboloids, but also ma
other surfaces, have Gaussian curvature near the
described by Eq. (5). As an important example
consider the surface

(6)z(x, y)= B cos2(bx)cos2(by),

with the amplitudeB, the cartesian coordinatesx
and y defined by (−π/2b � x, y � π/2b), and the
wave numberb with the wavelengthλ defined by
,

Fig. 1. Contour plot of a maximum of the surface defined by Eq.
with an amplitudeB = 1.0 mm and a wavelengthλ= 9.0 mm.

b = 2π/λ. As one can see in Fig. 1 the top of t
extrema of this surface has a parabolic shape accor
to A = Bb2/2 and can be described by the equat
z=A(1− b2r2/2).

The spiral wave, which is slowly climbing t
the top of the paraboloid, will successively pa
through regions with increasing Gaussian curvat
Therefore, its instantaneous angular velocityω will
also increase according to Eq. (2).

One has to find the functionω(t). Substitution of
Eq. (5) into Eq. (3) leads to the following equation:

dθ0
dt

= −4A2γ k∗r0θ0.

Its solution is

(7)θ0 =Θ0e(−4A2γ k∗r0t ),

whereΘ0 is the polar angle determining the initial p
sition of the core. This value also includes the wa
length λ of surfaces similar to Eq. (6). Substitutin
Eq. (5) into Eq. (2), taking into account Eq. (7) a
the fact that we used a BZ system with an immo
lized catalyst (Dv = 0 → γ = Du), we finally obtain
the sought-for dependenceω(t):

(8)ω(t)= L−M · e−βt ,
with the parameters

L= ω0

(
1+ 2A2V0

ξ2Duk∗3

)
,
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M = 4A2V0ω0Θ
2
0

ξ2Duk∗3 , and

β = 8A2Duk
∗r0.

As mentioned above the exponential tim
dependence found for the angular velocity of the s
ral wave (Eq. (8)) is valid not only for a parabolo
but for a wide class of non-uniformly curved surfac
with one or several maxima of the Gaussian curvat
The experimental observation of this dependence
be an indirect but convincing confirmation of the th
oretical predictions (2) and (3).

The experimental results were obtained by
ing a new method for the fabrication of quasi tw
dimensional, non-homogeneously curved BZ syste
[17,18]. For this experiment, an acrylic glass mou
was produced. This mould has two complement
surfaces with a constant distance of 0.30 mm in nor
direction at each point [19]. After closing the syste
one obtains a planar region of(75× 75) mm2 which
includes 13 spatially distributed hills defined by

z(x, y)= B cos2(bx)cos2(by),

(9)(−π/2b� x, y � π/2b),
with amplitudesB of 1 mm or 2 mm and wavelength
λ = b/(2π) between 4 mm and 10 mm. Each hill h
a different combination of these two parameters.

For the experiments we filled the mould with a B
reaction layer embedded in a silica gel. Ferroin, the
dox catalyst normally used for investigating BZ wav
was replaced by the tris(2,2′-bipyridine)ruthenium(II)
complex(Ru(bpy)2+

3 ) [20]. Illuminating the catalys
produces a photochemically excited state, which t
catalyzes the production of the inhibitor species B−
[21]. This effect was used to create spirals at
fined positions: When a propagating excitation fro
reached the requested position, we illuminated
part of the wave from this position to the layer boun
ary with white light (Zeiss KL 1500 LCD) and ob
tained one open wave end [22]. This created the
ral tip and finally a spiral wave. One example of su
a spiral is shown in Fig. 2.

To avoid hydrodynamic perturbations and, mo
important, to facilitate the realization of the curv
BZ system, the catalyst Ru(bpy)2+

3 was immobilized
in a silica gel matrix (Fluka) [23]. Beyond this, th
immobilization is a necessary condition for the spi
drift. After filling the negative curved parts of the hil
Fig. 2. Total view of a nearly circular reaction system with a sp
wave on the side of a hill withB = 1.0 mm andλ = 10.0 mm
defined by Eq. (9). The darker region in the center with a quadr
surface area corresponds to a hill as shown in Fig. 1. In
concentrations: 358 mM H2SO4, 167 mM malonic acid, 90 mM
NaBr, 198 mM NaBrO3, and 4.20 mM Ru(bpy)2+

3 . Field of view:

(20× 19) mm2.

with 0.1 ml of the liquid gel, we closed the moul
About 5 min later we separated the acrylic glass pla
to obtain the non-uniformly curved BZ system wi
a surrounding, nearly circular planar region as sho
in Fig. 2. This gel was neutralized for 30 min wi
0.1 M H2SO4 and then washed twice for 15 min wi
distilled water.

The stock solutions of 2.0 M NaBr, 2.0 M NaBrO3,
and 4.0 M malonic acid (all from Riedel–de Häe
were prepared in distilled water. The catal
Ru(bpy)2+

3 (20.5 mM, Johnson Matthey) was prepar
in 25 mM H2SO4. No further treatment was applied
H2SO4 (5 M, Roth).

The two-dimensional transmission of blue ligh
generated with a light source (Schott–Fostec DCR
and an(8′′ × 8′′) Fostec backlight through the syste
was detected with a monochrome charge-coup
device camera (Hitachi KP-M1 CCIR, 758 pixel×
576 pixel). Single frames were digitized online w
a rate of 1.0 frame s−1 using an image-acquisitio
card (Data-Translation DT3155). The digital data w
analyzed later on a personal computer.

When the phase equilibrium between the liquid a
the gel had been practically established, and di
garding the slow bromination of malonic acid, the in
tial concentrations in the gel matrix in this partic
lar experiment were calculated as follows: 358 m
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Fig. 3. Evolution of the rotation frequency of the spiral sho
in Fig. 2. The experimental data (�) were measured in th
planar part of the system. The line shows the fit according
Eq. (8) with the fit parameterL = 223 mHz,M = 40.1 mHz, and
β = 9.48× 10−3 s−1.

H2SO4, 167 mM malonic acid, 90 mM NaBr, 198 mM
NaBrO3, and 4.20 mM Ru(bpy)2+

3 .
As described above, the tip of a spiral wa

on a non-uniformly curved BZ system drifts to th
point of highest Gaussian curvature. If the spi
rotation frequency depends on the curvature of
system as predicted in Refs. [11,12] the freque
should increase during the drift. We therefore crea
spiral waves at the side of a hill and measured
rotation frequency of the spiral in the planar pa
Fig. 3 shows the result for the experiment shown
Fig. 2 and represents experiments on hills with ot
combination of amplitudeB and wavelengthλ. One
can see that the rotation frequency increases as
increases. During this time the spiral drifts to the po
of highest Gaussian curvature. Therefore, the rota
frequency is proportional to the spiral drift.

This excellent agreement between the analytic
found dependence of the spiral rotation frequency
function of time (8) and the experiment in Figs. 2 an
is also found for other concentrations and on differ
hills.

In this Letter we present an experimental verific
tion of the dependence of the spiral rotation freque
on the system curvature as predicted theoretically
12]. In [13] it was shown that the spiral tip drift
on a non-uniformly curved BZ system to the po
of highest Gaussian curvature. We therefore crea
quasi-two-dimensional non-uniformly curved BZ m
dia with increasing Gaussian curvature. Rotating s
ral waves in this curved system are propagating fr
lower curved regions to regions with higher Gauss
curvature. This effect is used to verify indirectly th
dependence of spiral rotation frequencies on the cu
ture of the system. In further experiments the met
for the fabrication of quasi-two-dimensional, curv
BZ systems should be used to produce homogeneo
curved reaction media. One then can perform di
measurements of the rotation frequency on surfa
with different Gaussian curvature.
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