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Abstract

The dynamic behaviour of spiral waves rotating on surfaces of curved reaction—diffusion systems depends strongly on the
curvature of the surface. It was shown in an earlier experiment that a spiral in a Belousov—Zhabotinsky system on a paraboloid
drifts to the point of highest Gaussian curvature, as predicted numerically and analytically. Beyond this, theoretical work predicts
an increase of the rotation frequency of spiral waves with an increase in the curvature of the system surface (e.g., spirals on
different spherical surfaces with decreasing radii). This behaviour leads to an additional term in the function for the rotation
frequency proportional to the Gaussian curvature of the system. In this Letter we combine both effects to determine the curvature
dependence of the spiral rotation frequency in curved reaction—diffusion systems. On a hon-homogeneously curved surface, the
spiral tip (the inner end of a spiral) drifts through regions with increasing surface curvature. Measurements of the rotation
frequency performed during this propagation verify the predicted effect. The experimental data are confirmed by analytical
results in the framework of the kinematic theory.
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Excitation waves occur in different fields related dimensional geometries. So far, most of the theoreti-
to nonlinear dynamics. These waves can be observedcal and experimental studies of two-dimensional ex-
in many biological, chemical, and physical systems citable systems, which are pertinent to this work, have
[1-3]. A laboratory model of these reaction—diffusion dealt with planar geometries. But in nature many ex-
(RD) waves, the Belousov—Zhabotinsky (BZ) reaction citable reactions occur on curved surfaces such as the
[4], has been investigated in one-, two-, and three- chicken retina [5], the heart muscle [6], and the cortex

[7]. In all non-planar media the geometry has an in-

— , fluence on the dynamics of propagating planar fronts
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(e.g., paraboloid and ellipsoid). On spherical surfaces the diffusion coefficient of the activator. The free end

with different radii the rotation frequency of spirals de-

pends on the curvature of the system [9,10]. On an el-

lipsoid of revolution, for example, such a wave drifts
to the point of highest Gaussian curvature [11,12].

In this Letter we use the experimentally shown
spiral drift [13] to verify the predicted dependence of

of a broken front (tip) can grow or contract with a
tangential velocity = y (k* — kgo), wherekgo andk*

are the geodetic curvature of the front near the tip and
the critical curvature of the broken front, respectively.
The coefficienty satisfiesy ~ D, — D,. Note that

in excitable media with equal diffusion coefficients

the spiral rotation frequency on the surface curvature of the activator and inhibitoy = 0 and in jelled BZ

of the reaction—diffusion system.

Excitable media can be described by a set of non-

linear reaction—diffusion equations. In the simplest
case only two variables are used [14]. On curved

surfaces the equations for a two-variable system can dkq

be written in the following form

ik
or fa ( */—axk)
av ;
E_EFZ(M v)+ D, 7;( k\/—axk> (1)

whereu and v are the activator and inhibitor vari-
ables, respectivelyD, and D, are their diffusion co-
efficients. The nonlinear function and F> specify
the reactions in the system® are the coordinates on
the surface ang is the determinant of the metric ten-
SOrgi.

In this model the null isoclineg1 (4, v) =0 and
F>(u,v) = 0 have an invers&/-shaped form and a
monotonic increasing function, respectively. Usually
the analytical study of excitation wave structures de-
scribed by the “microscopic” equations (1) is impos-
sible. One has to apply numerical simulations or ap-
proximate phenomenological methods.

We will use the so-called “kinematic approach”
[15,16]. The effectiveness of the kinematic theory
is confirmed by a large number of predictions and

systems with an immobilized catalygt= D,. The
main kinematic equation for the evolution of the front
on curved surface has the following form [11]:

(jkngE+6'>

0

whereI" is the Gaussian curvature of the surface. As

shown in [11], a spiral wave on the spherical surface

rotates faster than on the plane and the additional term
is proportional torl":

VoI”
2§2Duk*3>. @

Here & = 0.685 andwg and w denote the angular
velocities of a spiral wave on a plane and on a curved
surface, respectively. The expression (2) is valid if the
radius of the sphere is much larger than the radius of
the spiral wave core. In the case of a small sphere the
angular velocity is proportional t¢/I" [12].

The instantaneous angular velocity of the spiral
wave rotating on the non-uniformly curved surface
will change in time approximately periodically. These
variations ofw will result in a slow drift of the spiral
wave core.

In the simplest case of a non-uniformly curved sur-
face of revolution, its Gaussian curvature can be con-
sidered as a function of the polar angle, i.€.:=

dkg 2V,
+—+—+k V=-rIV,

al al2

a):a)o(1+

explanations of effects concerned with the propagation 1°(9). The drift of spiral waves on such surfaces was

of excitation waves in isotropic, anisotropic, non-

studied numerically and analytically in the framework

stationary, and non-homogeneous excitable media. In of the kinematic approach [13]. The following expres-

the framework of the kinematic theory, an excitation
wave is completely determined by specifying the line
of its front. The shape and evolution of the wave
front can be described by its natural equatign=
kg(l, 1), whereky defines the geodetic curvature by its
arclengthl and timer. Each section of the front moves
in the normal direction with the velocity = Vo —

D, kg, where the parametefy denotes the velocity
of the front with zero geodetic curvature amy, is

sions for angular velocities of the drift were obtained:

dép yk*rodI’

@~ 4 a 2 ®
deo Voro dI’

Y _ - 4
dt  4singg do’ “)

wherefp andgg are the polar and azimuth coordinates
of the spiral wave core, respectively;is its radius. As
follows from Eqgs. (3) and (4) the theory predicts the
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velocities of the drift to be proportional to the gradient 6.75 ' ' [

of the Gaussian curvature. For a paraboloid or a prolate
ellipsoid of revolution, d"/d9 < 0. Thus, the spiral
wave will climb up to the “top” of the paraboloid or
prolate ellipsoid with a velocity proportional tp ~

D, — D,. The velocity of the motion perpendicular
to the gradient of the Gaussian curvature (along equi- é 4.50
curvature contour lines) does not depend directlyon
The trajectory of the core center will have a spiral-like
shape. In the particular case of equal diffusivities the
spiral wave will drift along the equi-curvature line of

a paraboloid or ellipsoid. This case was considered in
[9].

The drift of spiral waves described above was
shown experimentally [13]. In that experiment the par-
abolic surface, made of mesoporous glass, was used
as a BZ reaction medium. During the experiments the Fig. 1. Contour plot of a maximum of the surface defined by Eq. (6)
drift towards the top of the paraboloid was observed With an amplitudeB = 1.0 mm and a wavelength= 9.0 mm.
and the measured velocities were in good qualitative
agreement with the kinematic theory. b = 2r/1. As one can see in Fig. 1 the top of the

We use these results to verify experimentally the extrema of this surface has a parabolic shape according
theoretical prediction that the rotation frequency in- to A = Bb?/2 and can be described by the equation
creases with an increase in surface curvature in az = A(1—b%%/2).
quasi-two-dimensional system. Instead of high-preci-  The spiral wave, which is slowly climbing to
sion measurements of spiral tip positions at sites below the top of the paraboloid, will successively pass
the peak in this highly curved system we determine the through regions with increasing Gaussian curvature.

~

>

2.25 L 1
2.25

6.75

spiral rotation frequency in a planar part of the reaction
medium. Consider at first a paraboloid of revolution
specified by the Cartesian equation= p(x? + y?)
with a parametep > 0 and the Cartesian coordinates
x andy. The Gaussian curvature of this paraboloid
is given by I' = (442)/(1 + 4A%r-2)2, where A de-
notes the amplitude at a radius Near the top of a
paraboloid its Gaussian curvature can be written as

2

S (5)

1+6%)
where# is the polar angle measured with respect to
the z-axis.

Note that not only paraboloids, but also many
other surfaces, have Gaussian curvature near the top
described by Eqg. (5). As an important example we
consider the surface

~ 4A%(1 - 260%),

z(x, y) = B coS(bx) co(by), (6)

with the amplitudeB, the cartesian coordinates
and y defined by (7/2b < x,y < 7/2b), and the
wave numberb with the wavelengthh defined by

Therefore, its instantaneous angular velocitywill
also increase according to Eg. (2).

One has to find the functiom (). Substitution of
Eq. (5) into Eq. (3) leads to the following equation:

d@o 2

— = —4A%yk*robo.
ar YK roto
Its solution is

2., 1%
90 — 806(74/4 )/k I‘()l)7

)
where®y is the polar angle determining the initial po-
sition of the core. This value also includes the wave-
length A of surfaces similar to Eqg. (6). Substituting
Eq. (5) into Eq. (2), taking into account Eq. (7) and
the fact that we used a BZ system with an immobi-
lized catalyst D, = 0— y = D,), we finally obtain
the sought-for dependenast):

wt)=L—-M-e P,
with the parameters
2A2v,

©)

L =wo<l+

)
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B =8A%D,k*ro.
As mentioned above the exponential time-
dependence found for the angular velocity of the spi-

ral wave (Eq. (8)) is valid not only for a paraboloid
but for a wide class of non-uniformly curved surfaces

, and

with one or several maxima of the Gaussian curvature.

The experimental observation of this dependence will
be an indirect but convincing confirmation of the the-
oretical predictions (2) and (3).

The experimental results were obtained by us-
ing a new method for the fabrication of quasi two-
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dimensional, non-homogeneously curved BZ systems Fig. 2. Total view of a nearly circular reaction system with a spiral

[17,18]. For this experiment, an acrylic glass mould

was produced. This mould has two complementary

wave on the side of a hill withB = 1.0 mm andx = 10.0 mm
defined by Eq. (9). The darker region in the center with a quadratic
surface area corresponds to a hill as shown in Fig. 1. Initial

SUI’faceS Wlth a COHStantdIStance Of 030 mm |n normal concentrations: 358 mM 1-504, 167 mM malonic acid, 90 mM

direction at each point [19]. After closing the system,
one obtains a planar region 615 x 75) mm? which
includes 13 spatially distributed hills defined by

z(x, y) = B cog(bx) cog(by),

with amplitudesB of 1 mm or 2 mm and wavelengths
A =b/(27) between 4 mm and 10 mm. Each hill has
a different combination of these two parameters.

For the experiments we filled the mould with a BZ

reaction layer embedded in a silica gel. Ferroin, the re-

dox catalyst normally used for investigating BZ waves,
was replaced by the tris(Z2;Bipyridine)ruthenium(ll)
complex (Ru(bpy)3") [20]. llluminating the catalyst

NaBr, 198 mM NaBr@, and 4.20 mM R(bpy)%*. Field of view:
(20 x 19) mn?.

with 0.1 ml of the liquid gel, we closed the mould.
About 5 min later we separated the acrylic glass plates
to obtain the non-uniformly curved BZ system with
a surrounding, nearly circular planar region as shown
in Fig. 2. This gel was neutralized for 30 min with
0.1 M HSO4 and then washed twice for 15 min with
distilled water.

The stock solutions of 2.0 M NaBr, 2.0 M NaBsO
and 4.0 M malonic acid (all from Riedel-de Héaen)
were prepared in distiled water. The catalyst
Ru(bpy)?r (20.5 mM, Johnson Matthey) was prepared

produces a photochemically excited state, which then in 25 mM H,SO4. No further treatment was applied to

catalyzes the production of the inhibitor species Br
[21]. This effect was used to create spirals at de-

H2SOs (5 M, Roth).
The two-dimensional transmission of blue light,

fined positions: When a propagating excitation front generated with a light source (Schott—Fostec DCR IlI)
reached the requested position, we illuminated one and an(8” x 8”) Fostec backlight through the system
part of the wave from this position to the layer bound- was detected with a monochrome charge-coupled-
ary with white light (Zeiss KL 1500 LCD) and ob- device camera (Hitachi KP-M1 CCIR, 758 pixel
tained one open wave end [22]. This created the spi- 576 pixel). Single frames were digitized online with
ral tip and finally a spiral wave. One example of such a rate of 1.0 frames using an image-acquisition
a spiral is shown in Fig. 2. card (Data-Translation DT3155). The digital data were
To avoid hydrodynamic perturbations and, more analyzed later on a personal computer.
important, to facilitate the realization of the curved When the phase equilibrium between the liquid and
BZ system, the catalyst lepy)?r was immobilized the gel had been practically established, and disre-
in a silica gel matrix (Fluka) [23]. Beyond this, the garding the slow bromination of malonic acid, the ini-
immobilization is a necessary condition for the spiral tial concentrations in the gel matrix in this particu-
drift. After filling the negative curved parts of the hills  lar experiment were calculated as follows: 358 mM
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Fig. 3. Evolution of the rotation frequency of the spiral shown
in Fig. 2. The experimental datallj were measured in the
planar part of the system. The line shows the fit according to
Eq. (8) with the fit parametet. = 223 mHz,M = 40.1 mHz, and
B=9.48x103s1

H>SOy, 167 mM malonic acid, 90 mM NaBr, 198 mM
NaBrOs, and 4.20 mM Rtbpy)5™.

As described above, the tip of a spiral wave
on a non-uniformly curved BZ system drifts to the
point of highest Gaussian curvature. If the spiral
rotation frequency depends on the curvature of the
system as predicted in Refs. [11,12] the frequency
should increase during the drift. We therefore created
spiral waves at the side of a hill and measured the
rotation frequency of the spiral in the planar part.
Fig. 3 shows the result for the experiment shown in
Fig. 2 and represents experiments on hills with other
combination of amplitude8 and wavelength.. One

315

ral waves in this curved system are propagating from
lower curved regions to regions with higher Gaussian
curvature. This effect is used to verify indirectly the
dependence of spiral rotation frequencies on the curva-
ture of the system. In further experiments the method
for the fabrication of quasi-two-dimensional, curved
BZ systems should be used to produce homogeneously
curved reaction media. One then can perform direct
measurements of the rotation frequency on surfaces
with different Gaussian curvature.
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